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Direct scattering transform of nonlinear wave fields with solitons may lead to anomalous numer-
ical errors of soliton phase and position parameters. With the focusing one-dimensional nonlinear
Schro¨dinger equation serving as a model, we investigate this fundamental issue theoretically. Using
the dressing method we find the landscape of soliton scattering coefficients in the plane of the com-
plex spectral parameter for multi-soliton wave fields truncated within a finite domain, allowing us
to capture the nature of particular numerical errors. They depend on the size of the computational
domain L leading to a counterintuitive exponential divergence when increasing L in the presence
of a small uncertainty in soliton eigenvalues. In contrast to classical textbooks, we reveal how one
of the scattering coefficients loses its analytical properties due to the lack of the wave field com-
pact support in case of L → ∞. Finally, we demonstrate that despite this inherit direct scattering
transform feature, the wave fields of arbitrary complexity can be reliably analysed.
Introduction. – Since the 1970s we have observed an
impressive progress in nonlinear mathematical physics
stimulated by the discovery of the complete integrabil-
ity of some nonlinear partial differential equations [1–4].
Among them are the one-dimensional Korteweg–de Vries
(KdV) [5] and nonlinear Schro¨dinger (NLSE) [6] equa-
tions serving as the fundamental nonlinear wave models
and appearing in different areas of physics. This break-
trough has taken place due to the development of the
inverse scattering transform (IST) [1, 2] allowing one to
solve the initial-value problem in terms of the nonlin-
ear harmonics decomposition representing the scattering
data or the IST spectrum. The spectrum can be found
using the direct scattering transform (DST) leading to
the full knowledge of the nonlinear wave field evolution
governed by the integrable differential equation [1, 2].
After several decades of analytical studies of integrable
equations, the rapid growth of interest to describe ar-
bitrary shaped, noisy and even random nonlinear wave
fields has promoted the need in accurate numerical meth-
ods for the DST. The Boffetta–Osborne method [7] rep-
resents the first numerical realization of the DST followed
by a sequence of further improvements and alternatives
[8–12]. These advancements have made the DST an es-
sential scientific tool with a wide range of theoretical
and experimental applications [4, 13–17]. The remark-
able ability of the DST to identify and characterise soli-
tons representing the coherent structures in nonlinearly
interacting wave fields provides fundamental information
about the origin of various physical effects [18, 19] and
can be fruitfully used in practical applications such as
optical telecommunication systems [20–23]. A significant
amount of work has been devoted to understand the dis-
tribution of soliton amplitudes and velocities (eigenval-
ues) [24, 25] with particular focus on its role in propaga-
tion of ocean waves [16, 21, 26] and optical pulses [18, 27].
Although the soliton eigenvalues can be found using
many variations of the numerical DST [28, 29], an accu-
rate identification of soliton phase and position parame-
ters represented by the so-called norming constants is still
a challenging problem. So far the existing approaches
for finding both eigenvalues and norming constants have
demonstrated success only for a relatively simple wave
fields containing up to five solitons [7, 12, 29]. The recent
development of high-order numerical schemes has allowed
to process large multi-soliton wave fields with particular
examples of 128 solitons, revealing several types of nu-
merical instabilities including the non-trivial behaviour
of norming constants [30]. The first class of the insta-
bilities is a result of accumulation of discretization er-
rors during the scattering through a large wave field,
which can be efficiently resolved by high-order schemes
[30]. The second class is related to round-off errors dur-
ing the computation of the scattering coefficients, which
can be fixed by high-precision arithmetics similar to the
IST procedure [19]. The third class represents anoma-
lous errors for the norming constants, when the eigenval-
ues are computed without sufficient accuracy, requiring
high-precision arithmetics for eigenvalue identification.
In this work we theoretically reveal the nature of these
anomalous errors within the DST framework making soli-
ton phase and position characteristics extremely elusive.
As a model we consider the focusing NLSE for a complex
wave field ψ(t, x), which in the non-dimensional form is
as follows:
iψt +
1
2
ψxx + |ψ|2ψ = 0, (1)
where t and x are the time and spatial coordinate. The
soliton parameters represent the discrete part of the scat-
tering data, which can be found via the so-called scat-
tering coefficients. Instead of standard scattering coeffi-
cients defined on an infinite line, we use their “truncated”
analogues on a finite interval leading to the sensible the-
oretical analysis of the error sources within the DST. In
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2particular, employing the dressing method, we find the
landscape of the scattering coefficients in the complex
plane of the spectral parameter for a multi-soliton wave
field and track the behaviour of numerical errors for dif-
ferent configurations of scattering data leading to specific
recipes on error reduction.
We show that these errors for norming constants de-
pend on the size of the computational domain L lead-
ing to a counterintuitive exponential divergence when in-
creasing L in the presence of a small uncertainty in soli-
ton eigenvalues. In contrast to classical textbooks, we
study how one of the scattering coefficients loses its an-
alytical properties due to the lack of the wave field com-
pact support in case of L→∞. Finally, we demonstrate
that despite this inherit DST feature, the wave fields of
arbitrary complexity can be reliably analysed.
The direct scattering transform for the NLSE. – The
IST theory establishes a link between the focusing NLSE,
see Eq. (1), and the following auxiliary Zakharov–Shabat
(ZS) linear system for the two-component vector wave
function Φ(t, x, ζ) = (φ1, φ2) [6]:
Φx = Q̂(ψ)Φ, Q̂ =
(−iζ ψ
−ψ∗ iζ
)
, (2)
where ζ = ξ + iη is a spectral parameter, the star de-
notes the complex-conjugate value. The ZS system fea-
tures a spectrum composed of continuous and discrete
parts with the latter located on the complex plane. As
typically done, we consider the upper half of the com-
plex plane with η > 0 since ζ∗ = ξ − iη correspond to
the same class of NLSE solutions. The continuous spec-
trum occupies only the real axis ξ ∈ R, while the discrete
part (eigenvalues) is represented by the complex points
with its total number equal to N . The scattering data
of the potential ψ(t, x) is traditionally introduced using
a solution of the ZS system with ζ = ξ and the following
asymptotics at infinity:
lim
x→−∞Φ =
(
e−iξx
0
)
, lim
x→∞Φ =
(
a(ξ)e−iξx
b(ξ)eiξx
)
, (3)
where a(ξ) and b(ξ) are the scattering coefficients.
The first coefficient has an analytic continuation a(ζ)
to the ζ-plane with zeros at the discrete eigenvalues ζk
with k = 1, ..., N . The second coefficient b(ξ) is defined
on the real axis and at the eigenvalue points ζk with
b(ζk) = bk. It is important to emphasize that b(ξ) can
be analytically continued to the ζ-plane only when the
potential ψ(x) has compact support, i.e. if ψ = 0 outside
of a compact set on the x-line [31]. As mentioned earlier,
the total scattering data represents the discrete {ζk, ρk}
and continuous {r} spectrum:
a(ζk) = 0, ρk =
bk
a′(ζ)
∣∣∣∣
ζ=ζk
; r(ξ) =
b(ξ)
a(ξ)
, (4)
where ρk is the complex-valued norming constants asso-
ciated with ζk and r(ξ) is the reflection coefficient. Each
Figure 1: Typical multi-soliton wave field used for demon-
stration of the DST numerical errors with N = 6. The 6-SS
solution is obtained using Eqs. (5) and (6). See Fig. 2 on the
spectral content of this solution.
discrete eigenvalue ζk = ξk + iηk corresponds to a soli-
ton in the wave field with the amplitude Ak = 2ηk and
group velocity Vk = 2ξk, while r(ξ) describes nonlinear
dispersive waves.
In case of r(ξ) = 0, i.e. the dispersive waves are absent,
the wave field corresponds to N -soliton solution ψNSS(x)
which can be reconstructed analytically employing the
scattering data (4) [1] (see also [30]):
ψNSS(x) = −2iρkeiζkx [(E + M∗M)−1]k,j eiζjx. (5)
Here E is the N ×N unity matrix and the elements:
Mk,j = iρj(ζ
∗
k − ζj)−1e−i(ζ
∗
k−ζj)x. (6)
The norming constant can be conveniently parametrized
as follows:
ρk = −iAkeAkx0k−iθk , (7)
where two real-valued parameters x0k and θk describe the
position in space and phase of the corresponding soliton
[32]. Below we use an example shown in Fig. 1 demon-
strating a typical multi-soliton wavepacket with N = 6
(6-SS) constructed with the help of the above formu-
las with a random distribution of {θk} and chosen set of
{x0k}.
For ψNSS(x) the first scattering coefficient is known in
a closed form in the ζ-plane [1]:
aN (ζ) =
N∏
k=1
ζ − ζk
ζ − ζ∗k
, (8)
while the second scattering coefficient bN (ξ) cannot be
analytically continued to ζ-plane due to infinite expo-
nentially decaying tails of ψNSS(x) contradicting to the
necessary compact support property.
Truncation of the wave field. – We begin our theo-
retical analysis of the DST introducing a finite domain
3[−L,L], where the wave field ψ(x) is well localized. The
truncation of ψ guarantees the compact support allowing
to define btr(ζ) in the complex plane, where the subscript
‘tr’ highlights that the corresponding ψ is non-zero only
inside the domain [−L,L]. We introduce a wave function
Φtr with shifted boundary conditions from x→ ±∞, see
Eq. (3), to x = ±L:
Φtr(−L) =
(
e−iζL
0
)
, Φtr(L) =
(
atr(ζ)e
−iζL
btr(ζ)e
iζL
)
, (9)
while with the help of atr(ζ) and btr(ζ) we define
ρtr(ζ) =
btr(ζ)
a′tr(ζ)
. (10)
Our key result is the theoretical derivation of aN,tr(ζ)
and bN,tr(ζ) corresponding to N -soliton potentials in the
ζ-plane. Using the dressing method to construct solu-
tions of ZS problem for ψNSS and assuming large enough
L, we obtain the following expressions (see Supplemen-
tary materials for a detailed derivation):
aN,tr(ζ) = aN (ζ) + oN , (11)
bN,tr(ζ) = aN (ζ)
N∑
k=1
ρke
−2i(ζ−ζk)L
ζ − ζk + oN . (12)
It is convenient to extract aN (ζ) in Eq. (12), although it
cancels out the denominator (ζ−ζk)−1 for all k when the
full expression (8) is explicitly employed. A new notation
is used to shorten the presentation:
oN = p(ζ)o(e
−2ηminL), (13)
which is based on a “little-o” [33], a rational function
p(ζ) and the expression ηmin = min[η1, .., ηN ] represent-
ing the minimum value among the considered set of η.
Fig. 2 shows the typical behaviour of aN,tr(ζ) around
the eigenvalues and stiff exponential growth of bN,tr(ζ)
for the 6-SS solution presented in Fig. 1. We should
stress that both formulas (11) and (12) are verified nu-
merically in the ζ-plane, see Supplementary materials.
However, concerning the accuracy of bN,tr close to the
real axis a small deviation can still arise due to the fact
that the leading order term and oN become of the same
order. This region of interest has recently been addressed
[34].
The expression (12) covers a fundamental issue on the
analytical properties of bN (ζ) in the complex plane lead-
ing to the following result:
bN (ζ) = lim
L→∞
bN,tr(ζ) =

bk, ζ = ζk,
∞, η > ηmin; ζ 6= ζk,
bmin(ζ), η = ηmin,
0, η < ηmin,
(14)
where bmin(ζ) = aN (ζ)ρmine
−2i(ζ−ζmin)L/(ζ−ζmin) with
the subscript ‘min’ corresponding to the soliton with the
Figure 2: Behaviour of the scattering coefficients in ζ-plane
according to Eqns. (11) and (12) with L = 50. Green dots
show {ζk} corresponding to the wave packet demonstrated in
Fig. 1.
minimal η as defined above. Thus, the second scattering
coefficient bN (ζ) is analytic only inside the band 0 ≤ η <
ηmin.
Anomalous errors. – Ideally, when L tends to infin-
ity, one expects to end up with the exact formulation of
the problem, see Eq. (3). However, one of the counter-
intuitive results of the present work boils down to the
fact that increasing L leads to a number of numerical
difficulties when trying to determine norming constants.
Indeed, expressions (10) and (12) show that at large L
even a small deviation δζk of the corresponding computed
eigenvalue ζk can lead to large errors for a norming con-
stant ρk. In order to show that, we expand the second
scattering coefficient (12) in the vicinity of ζk:
bN,tr(ζk + δζk) ≈ ρk
ζk − ζ∗k
N∏
j 6=k
ζk − ζj
ζk − ζ∗j︸ ︷︷ ︸
I term
+ (15)
δζk
( N∑
l 6=k
ρle
−2i(ζk−ζl)L
(ζk − ζl)(ζk − ζ∗k)
N∏
j 6=k
ζk − ζj
ζk − ζ∗j
)
︸ ︷︷ ︸
II term
.
According to the definition (10), the deviation in the
norming coefficient ρN,tr(ζk + δζk) may be exponentially
large, caused by the second term in (15) for bN,tr, while
a′N,tr(ζk+δζk) does not have this problem. For each soli-
ton the value of the error, being a function of L, can be
estimated using the largest exponent of the term II, see
(15):
error[ρk](L) ∼ term II ∼ e2(ηk−ηmin)L. (16)
The error becomes critical with the increase of L when
both terms are of the same order in the expression (15):
term I ∼ term II. (17)
4To get a feeling on the order of the deviation δζ leading
to the condition (17), one can inspect the results for a
simple two-soliton case:
δζcr1 ∼
ρ1
ρ2
(ζ1 − ζ2)e−2i(ξ2−ξ1)Le2(η2−η1)L, (18)
δζcr2 ∼
ρ2
ρ1
(ζ2 − ζ1)e−2i(ξ1−ξ2)Le2(η1−η2)L, (19)
where the subscript ‘cr’ denotes the critical value. As-
suming η2 > η1 without loss of generality, we obtain an
exponential divergence of δζcr1 with L, while δζ
cr
2 on the
contrary tends to zero. This fact means that in order to
reduce the error when computing bN,tr, one has to guar-
antee that the eigenvalue is computed with the appropri-
ate accuracy, being demanding for δζcr2 → 0. The par-
ticular number of necessary digits can be estimated from
the eigenvalue difference and the value of L, although it is
obvious that the required precision in majority of cases is
more demanding than 10−16 corresponding to the stan-
dard machine precision. At the same time δζcr1 → ∞
as L → ∞ suggesting that the soliton with the small-
est eigenvalue does not suffer from this instability. Note
that δζcr1,2 in (18), (19) also contain the ratio of norming
constants which exponentially depend on the soliton po-
sitions x01,2 , see the parametrization (7), which can also
be an additional stiff condition. This picture stays the
same when more solitons in the wavepacket are consid-
ered as is shown below with a numerical example.
Numerical discretization and examples. – A practical
implementation of the DST implies the influence of the
numerical discretization on the obtained analytic results.
The eigenvalue condition a(ζk) = 0, see Eq. (4), trans-
forms into:
anum(ζnumk ) = 0, (20)
where the superscript ‘num’ denotes the numerical (dis-
cretized) counterpart of the initial problem. Note that
this kind of errors should not be confused with ones
caused by the domain truncation. As was shown for N -
soliton potentials, the relation aN,tr = aN is accurate
within exponentially small terms oN for large L, see Eq.
(11), meaning that the discrete spectrum {ζk} does not
change within oN after truncation. We provide numerical
results proving this fact, see Supplementary materials.
We argue that expressions for scattering coefficients
(11) and (12) for the truncated ψNSS(x) preserve the
same structure after discretization, although exact values
{ζk} slightly shift to {ζnumk }. This hypothesis is strongly
supported by the following numerical results presented
below and Supplementary materials. In the end we study
the features of bnumN,tr showing that the numerical results
are in good agreement with expression (12), although
additional sources of errors are involved but turn out to
be irrelevant.
We perform the numerical DST of 6-SS solution pre-
sented above as an example, see Figs. 1 and 2, varying
Figure 3: Influence of the size of the numerical domain on
the errors of {ζnumk } and {ρnumk } for 6-SS presented above,
see Figs. 1, 2. (a) Absolute errors for soliton eigenvalues. (b)
Relative errors for soliton norming constants computed using
{ζnumk } obtained with a standard machine precision and (c)
high-precision arithmetics. In the bottom we show a schemat-
ics for the right (x > 0, black) and left (x < 0, blue) part of
the wave field as in Fig. 1.
the width of the domain [−L,L]. Fig. 3 demonstrates the
influence of L on the errors of the computed discrete spec-
trum {ζnumk , ρnumk } compared to exact values. For that
we solved the ZS system (2) using the standard second-
order accuracy Boffetta–Osborne method [7] keeping the
discretization step constant for all the cases. In Sup-
plementary materials we verify that high-order methods
[30] demonstrate similar results. When L is large enough,
{ζnumk } can always be reliably identified with the accu-
racy corresponding to the chosen numerical scheme and
the wave field discretization as illustrated in Fig. 3(a).
Note that for a large particular eigenvalue ζk the accuracy
|ζnumk −ζk| is lower than for small-amplitude solitons. As
expected, the reduction of the domain makes the eigen-
values undetectable for solitons exposed to truncation,
5which is easy to observe in Fig. 3(a) in comparison with
the schematic wave field profile demonstrated in the bot-
tom of Fig. 3(c).
The main result of the work is presented in Figs. 3(b,c)
where the influence of L on the errors of the calcu-
lated norming constants {ρnumk } is considered. Firstly,
we demonstrate the results of calculations when {ζnumk }
are computed from the condition (20) with the standard
double (machine) precision leading to δζk ∼ 10−16 in the
expression (15). Fig. 3(b) shows that for large enough
L these deviations in eigenvalues lead to the exponential
growth of errors as predicted by the developed theory, see
Eq. (16). At the same time, for smaller L < 15, as ex-
pected, we observe the truncation errors for the norming
constants.
These two effects make the whole set of solitons not
possible to identify at any fixed value of L, in particular
the third and fourth solitons shown by green and purple
dots are completely “uncatchable” when standard preci-
sion is used. Secondly, we perform the same set of simu-
lations employing high-precision arithmetics to identify
{ζnumk } and calculate {ρnumk } excluding the described
anomalous errors. Fig. 3(c) shows that we successfully
obtain {ρnumk } when L is large enough so that the wave
field is well localised inside the computational domain.
Conclusions. – In this work we considerN -soliton solu-
tions of the nonlinear Schro¨dinger equation and the cor-
responding solutions of the Zakharov–Shabat problem.
The main result is the theoretical derivation of the con-
nection between scattering coefficients aN and bN defined
for a problem on the infinite line with aN,tr and bN,tr cor-
responding to the same problem on a finite (truncated)
domain of the width 2L. Using the dressing method we
obtain closed-form expressions for aN,tr and bN,tr allow-
ing us to express bN = lim bN,tr at L → ∞ and demon-
strate its analytic properties.
Based on these results we reveal a new class of inher-
ent instabilities of the direct scattering transform lead-
ing to anomalous numerical errors of norming constants
growing exponentially with L. A high-precision arith-
metic is required in order to exclude these errors lead-
ing to the fact that hybrid methods employing two dif-
ferent numerical approaches for a subsequent computing
of eigenvalues and norming constants should be applied
with caution due to possible systematic errors in eigenval-
ues. Note that small variations of the input wave fields
do not affect the overall stability of the DST. We ex-
pect that the presence of solitons in complex wave fields
containing continuous spectrum is always manifested by
rapidly changing landscape of ρtr(ζ), representing a gen-
eral situation when the suggested strategy to perform the
DST can be applied. In particular this idea is supported
by results for the exactly solvable rectangular potential
model revealing exponential growth of the scattering co-
efficients in the complex plane with the potential length
[35]. In addition, our results can be straightforwardly
generalised to another important class of coherent struc-
tures appearing in the NLSE – breathers [36–40], as well
as to other integrable models. These insights give theo-
retical foundations to develop robust algorithms for the
calculation of scattering data of complex wave fields to
study various nonlinear phenomena. The complete iden-
tification of coherent structures in stochastic wave fields
is on top of the current agenda [17, 41–45].
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